In this paper, a finite element model incorporating active control techniques has been developed to stabilize the first two buckling modes of a simply supported beam. The goal is to increase the corresponding beam buckling loads by using piezoelectric actuators along with optimal feedback control.
INTRODUCTION
The problem we address in this paper is the active control of the first two buckling modes of a simply supported beam. Meressi and Paden [1] have shown that the buckling of such a beam can be postponed beyond the first critical load by means of feedback control using piezoelectric actuators and strain gauge sensors. Hence, the controlled beam can support a load up to the second critical load. Berlin [2] constructed a prototype composite column that was stabilized against buckling through the use of piezoelectric actuators and non-adaptive control strategies. He demonstrated that multiple buckling modes can be stabilized simultaneously. The load-bearing strength of his controlled column was increased by 5.6 times. Some other researchers have also discussed multi-mode control problems [3] .
Here we first present a dynamic finite element buckling analysis of an axial compressed simply supported beam. The associated modal equations and the state-space equations of the reduced order system are then derived. Additionally, we design a compensator combining the feedback control law and the dynamic observer to stabilize the first and the second buckling modes of the beam. Lastly, some results and conclusions are given.
SYSTEM MODEL
The model is a simply supported beam subjected to axial compression, Fig. 1 . The beam has width and thickness , and is bonded with four piezoelectric actuators at the top and bottom sides. A resistive strain gauge is attached at the centre of the surface of each actuator. Each piezoelectric patch is polarized along the Z-axis. A voltage is applied across its thickness as an actuator. The width of each piezo-patch is assumed to be the same as that of the beam. The strain gauges are placed the third points of the beam span, i.e., at and . 
Hermite polynomials of third degree, and denotes the time dependent element nodal response. The resulting FE equations for a beam element are:
The other quantities in the above equation are: the consistent mass matrix, the element force vector, the bending stiffness matrix, and the geometric stiffness matrix. These are, respectively [ 
After assembly of element matrices and vectors, the system matrix equation is obtained as
Piezoelectric-mechanical constitutive equations
For the actuator, linear coupled piezoelectric-mechanical constitutive relation is
where {T}, {S}, {E}, [c] and are respectively the stress, strain, electric field intensity, and the elastic compliance, and piezoelectric constants matrices. The superscript E means that the compliance matrix is evaluated at a constant electric field. The coupled equations for the beam and the piezoelectric actuator can be expressed as:
Here, is the generalized nodal displacement vector, is the actuator force vector and is the piezoelectric strain constant. are the top and bottom voltages applied to the piezo-layers.
and are the Young's modulus and the thickness of these layers.
Reduced-order model equations
Using the mode superposition method, in which system modal matrix is used to transform the finite element nodal displacement vector to the modal coordinate vector, we obtain an approximate reduced-order model of the system in modal coordinates.
The generalized nodal displacement vector can be approximated by
where is the truncated modal matrix, assembled from the free vibration modes:
)} ( { t q is the modal coordinates vector, which is a time dependent vector of order , the number of retained modes or the number of modes to be controlled.
After introducing damping, the linear decoupled reduced-order modal equations of the feedback control system are:
is the external disturbance forcing input vector, and is the applied actuator voltage which is the control input vector,
is the modal actuator stiffness matrix or control input influence matrix.
Sensor modelling
Modal states are estimated from strain gauge measurements at the chosen discrete locations. We design the modal control based on the first, second, fourth and fifth buckling modes of the beam. Four sensors are placed at both sides at 3 / L x = and of the beam, which are the zero points of the third buckling mode. This mode and its multiples are thereby rendered unobservable.
We take these strain gauges measurements as the system output. From Meressi [1] , the output of a gauge is given by 
COMPENSATOR DESIGN
Introduction of the state-space vector results in the system equations of the form
where, the state vector
, the actuator input , the sensor output .
Next we use linear quadratic regulator (LQR) control technique to design a full state feedback controller and a state observer.
Controller design
The full state feedback control law is:
By LQR technique, we can get the feedback gain matrix to make the closed-loop system stable. Thus, the control input of actuator can be obtained by (13). The LQR is designed to minimize a cost function:
where, α is a scalar and 
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Dynamic observer design
Because the number of sensors is less than that of state variables, the observer is needed to provide the feedback control law with estimated state variables. We can design a dynamic observer to estimate the state variables out of the direct sensor output, which can be prescribed by the following set of equations:
where [ L ] is the observer gain to be determined, { }
x is the observer estimated state variable vector, { is the sensor strain gauge output vector, and } y { } ŷ is the observer estimated sensor output vector.
We combine the controller and observer into a complete system which uses the estimated state variables from the observer in the feedback control law:
Substituting (16) into (12) and (15), the combined system equations are expressible as:
The feedback gain [ ] and the observer gain [ G L ] can be designed separately.
RESULTS AND CONCLUSIONS
The resulting closed-loop responses to nonzero initial conditions (no lateral loading ( , ) p x t applied) and the control input voltages to the actuators for the controlled model with load and are shown in Figs. 2 to 5, where is the first mode buckling load. We see that the designed compensator has stabilized the first two modes for any and is robust. Figure 2 shows that the closed-loop responses are consistent with the results of Meressi and Paden [1] for the load . Figure 3 compares their control input voltage with that of the present segmented actuator pairs. The latter shows a better control, leading to the conclusion that optimally located actuators along the beam are more effective. Spill-over has not posed a serious problem which is consistent with the theoretical analysis and known simulation results. Meressi and Paden [1] have shown that here is no significant effect of the uncontrolled modes on the dynamics of the controlled modes.
The sensor outputs of Figs. 4 and 5 show that the first two buckling modes of the beam are stabilized. The beam can therefore support a load up to the third critical load. 
